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ABSTRACT 

We employ the method of differential regularization to calculate explicitly 
the one-loop effective action of a bosonized Ul{S) x Ur{3) extended Nambu- 
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1. Introduction 

Quantum chromodynamics (QCD) is a theory of strong interactions [1] 
and is asymptotically free such that the forces between quarks become weak 
for small quark-quark separation or, equivalently, large momentum transfer. 
The same self-interactions of gluons that give rise to asymptotic freedom 
lead to a strong quark-quark interaction for medium and small energies, 
and thus the low energy hadron physics cannot be handled by perturbative 
QCD. At low energies, chiral perturbation theory [2] is a good method for 
perturbative calculations. We note that a disadvantage of chiral perturbation 
theory is that as soon as we go beyond the lowest order, the number of 
free parameters increases very rapidly, thus making calculations beyond the 
lowest few orders rather impractical. We would thus hke to obtain these 
free parameters directly from QCD. This is rather difficult to do so far, and 
there is a need for some models that interpolate between QCD and chiral 
perturbation theory. 

Among many models, the Nambu-Jona-Lasinio (NJL) model [3,4] seems 
to be the simplest pure quark theory, which yields dynamical symmetry 
breaking and hence a nonvanishing value for the quark condensate. But 
to make the perturbation series nondivergent, we need to introduce an ul- 
traviolet cutoff as a regularization. Many regularization methods have been 
employed [5] and it was found that the one-loop effective potentials in various 
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methods can vary substantially with respect to the change of the renormal- 
ization scale. In particular, one should know that not all regularization meth- 
ods are suitable to NJL models. Moreover, higher loop corrections are also 
needed to reduce the sensitivity of the renormalization scheme dependence 
of perturbative results. 

In this paper, we shall use a space-time regularization method known as 
differential regularization (DR) [6,7] to calculate the one-loop effective action 
of an extended NJL (ENJL) model. This method has been shown to be useful 
for studying the quantum corrections in chiral theories. By using DR method, 
we can determine the effective action systematically and unambiguously. We 
organize the paper as follows. In section 2, we introduce the ENJL model 
and the calculational procedure of DR method. In section 3, we calculate 
explicitly the one-loop effective action of the ENJL model. 

2. The Extended NJL Model and Differential Regular- 
ization 

We consider the C/l(3) x Ur{3) extended NJL Lagrangian for quark field 

[8,9]: 

jO,enjl = qiil^d^ - mo)q 



+2G^ Y: 

1=0 



A* A* 
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Nj-1 r 

-2G2 E 

i=0 L 



A* A* 



(1) 



where G\ and G2 are the four-fermion coupHng constants, mo is the quark 
mass matrix and A* are Gell-Mann matrices. 

The quantized theory can be written in terms of a generating functional 
which, in the absence of external sources, reads 



Zenjl^ J DqDqe:Kp i j d'^xCENjLix) 



(2) 



In order to use the model to describe the low energy properties with the 
manifest low energy modes, we bosonize the model with the auxiliary fields 
$ = ^qAq, introduced via the identity 

exp (-^ y qKqQ'^^q^^q) 

= j D$exp j ^^-'r^'^p - I J <^aqAaq) • (3) 

It contains therefore (in the case of three flavors) nonets of scalar, pseu- 
doscalar, vector and axial vector meson fields: 

A* 

Aa = ^<8)r„, i ^ 0,- ■ ■ ,Nf - 1, r„ e {1, ^75, ^7^, ^7^,75}, (4) 



Q 



f4G'i5«/^ for r, G {1, 275} 

UG^S'^^ for r„ e {7^, 7^75} 



(5) 



Hence we have 



Zenjl = I D^exp ( -- / $g-^$ ) Zf [$] , 



(6) 



4 



where 

Zp [$] = 1 DqDqexp (-i J q(i^^d^ - mo - $)g) . (7) 
By shifting — mo, we have 

Zenjl = J D^e-^/'''^^*-"^"^^"'^*-"^") J Z^gZ^ge-^/'^'*''^''-*)^ . (8) 

The auxihary field $ can be expressed in terms of the scalar, pseudoscalar, 
vector and axial vector fields as 

^^gsS + igp-f^P - igvYV^ - iQAl^A^-f^ . (9) 

Then we can write 

^($-mo)g-^(*-mo) = ^Tr{{S-mof + P') 

where S = Eto P = ELo ^P', V, = ^u;^ + ELi fp^,, and = 

By including the electroweak interaction, we have the generating func- 
tional 

X J DqDqe-'f'^^''^^'^''^'^-^^'^, (11) 

where 

G^. = d^W,-d,W^ + gw[W^,W,] . (12) 



Then the auxihary field $ is expressed as the scalar, pseudoscalar, vector, 
axial vector fields and gauge bosons, 

^^9sS + igp-fsP - igvl^V^, - igAl^A^-^^ - igwl^W^ - igsl^B^, , (13) 

where W and B are the electroweak gauge bosons. The fields 5" and P can 
be represented chirally as 

,S + i75P = PiiM + P^Mt , (14) 

where Pr — |(1 + 75) and Pl — |(1 — 75). We can parameterize M — 
S + iP as M = VZU, with E being the scalar a fields, and U the coset 
Ul{S) X UR{3)/Uv{Sy. 

U = exp|zx/2 ^' + ^^ | , (15) 



(16) 



^1 = (17) 

In the low-energy approximation, we couple the scalar, pseudoscalar, vec- 
tor and axial vector fields to external sources. The quark fields are not cou- 
pled to any external sources and can be integrated over to give a functional 
determinant, whose evaluation requires a regularization. The calculation can 
be carried out by using the Feynman rules for the quark fields, such that the 
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one-loop quantum effects are considered by treating quarks as internal lines 
in the Feynman diagrams. 

In this model, it is necessary to determine its vacuum by calculating the 
effective potential or action to at least one-loop order. We shall employ 
differential regularization and carry out the calculation in Euclidean space, 
so that the functional integral reads 

Z'enjl = jD^e^p[-Seffm , (18) 
where the effective action in the one-loop fermion approximation is 

Seff = -lnDetH7'^a^ + $] 

+^ j d^xi^ - mo)Q-'{^ - mo) . (19) 

The functional determinant can be calculated using the Feynman rules; 
in particular, the massless quark propagator is given by 



{qi{x)qim ^ A^,(x) 

(20) 



27r2 X 



A 



with i, j and a, h being the isospin and color indices, respectively. 

In perturbative calculations, we encounter highly singular terms of the 
form 

^ ln'"(/xV), n>2,m>0, (21) 



(x2)" 



7 



where is a mass parameter in the problem. The essential idea of differential 
regularization is to define these highly singular terms by 
1 



- ln-(/.V) ^ nn^G{x') , , (22) 



n-l 

„2^ 



where G{x^) is a to-be-determined function that has a well-defined Fourier 
transform and can depend on 2{n — 1) integration constants, which play the 
role of a subtraction scale. In this paper, we encounter only the following 
two forms: 



1 1 In x'^a^ 
> — □ 

(a;2)2 4 a;2 

1 1 In a; 

> □□ 

fx2)3 32 x^ 



-n-^,x'^0, (23) 



2, ,2 



7^7^°°^— ^>^V0, (24) 



where the mass parameter /j, is an integration constant. Note that we have 
omitted other irrelevant integration constants for x^ ^ 0. This regularization 
method has been used in 0^ theory, QCD [6] and Nambu-Jona-Lasinio model 
[7] and can reproduce the well-known results obtained by other methods. 
The advantage of DR method is that loop corrections in a chiral theory 
can be calculated unambiguously. We note also that different methods can 
lead to different results for the one-loop effective potential, which depends 
strongly on renormalization scheme. Higher loop corrections can reduce the 
sensitivity of scheme dependence, but of course, the use of a regularization 
method requires special attention. 



3. The One-Loop Effective Action 
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To obtain the one-loop effective action of tlie ENJL model, we need to 
evaluate the one-loop bilinear terms in the scalar, pseudoscalar, vector and 
axial vector fields, and their interaction terms. For illustrative purposes, we 
evaluate some of them below. The bilinear term in the scalar field with an 
internal quark loop is easily calculated and reads 



where □ — ^{x-y) and we have used Tr^7 — 4, TVc/ = 3, and — 3 for 
the spinor, color, and octet degrees of freedom, respectively. The logarithmic 
dependence of the scalar term reads 




ln(x - yYn'^ 
{x - 



,(a:-y)Vo, 



(25) 




(26) 



The bilinear term in the pseudoscalar field is 




X □□ 



ln(a; — |/)^/i^ 
{x - y)2 



(27) 
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and its logarithmic dependence is 



dUp 
din /i^ 



327r2 



(28) 



The bihnear term in the vector field is 



(x, y) ^ I d^xd^yTi [t r{x)A{x - y)i f{y)A{y - x)] 



271* 



d^xd^yTr 



■ A" A^' • A° 

.-T^Pai.^) + -I7^ec{.x)){—p'f^{y) + —uj^iy)) 



{x - y f 



3g 



sinp. ^yy / Mii 



327r4 



d xd y 



-u^{x)u,{y) + Y.P''i^)pliy) 



ln(a; — y^jj^ 
{x-yf 



X □□ 



(29) 



Its logarithmic dependence is 



dli 



V 



dlnjj? 



87r2 



/ 



d'^x 



-u^^{x)nu^,{x) + Y.p^^{x)Upl{x) 



i=l 



(30) 



The bilinear term in the axial vector field is 



sing. 



39\ 
327r4 



/■ 



d^xd'^y 



i=l 



ln(x — y) 
{x - yf 



X □□ 



(31) 



and its logarithmic dependence is 



dhip? 



^9 



\nx)uUx)+Y.a'^{x)Ual{x) 



(32) 
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The one-loop vector-scalar-scalar interaction reads 



xA(y - z)S{z)/^{z - x)] (permut.) 

,2 



^^^^^ d'xd'yd'zTr 



327r6 

\k 

><^S\z) 



Tr 



(a^ - y)a(y - - x)^ 

{x - yY{y - zY{z - xY 



sing. 



^9v9s 



d^xd^yd^ziio^" (x) d^S' (y) S' (z) 



ln(x — yY/J,^ 



X 



35(x-^)n- 



+5{x - z)D 



X - yY 

hi{y — zYf^'^ 



{y - 



and the logarithmic dependence is 

dTvss 



9vgs 



din 



UStt^ J d'xd'yd'ziu^^ix)d,S^iy)S^iz) 

H^fabc + dabc)p'"'{x)d^S\y)S%z))d{x - z) 

X [l27r^5(a: -y)^ 47r^5(y - z) 

/ d'x{uj\x)d^S\x)S\x) 

+ {ifabc + dabc)p'"'{x)d^S\x)S'{x)) . 



(33) 



(34) 



Other one-loop quark contributions are listed in the appendix. 



4. Discussion 
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We have calculated the one-loop effective action of the ENJL model by 
the method of differential renormalization, which seems to be a very simple 
method. We note that 75 is not well defined in arbitrary dimensions of space- 
time. But differential renormalization performs loop calculation in coordinate 
space with well defined 75. Indeed, the bosonized ENJL model gives the low 
energy meson effective Lagrangian by means of quark loop contributions. It 
is a model that interpolates between QCD and chiral perturbation theory. 
The original ENJL Lagrangian which has four-fermion interaction is non- 
renormalizable, but the bosonized version is renormalizable. The anomalous 
part of the effective action can be calculated by the WZW method and higher 
loop can be considered further. 

Appendix 

Here we list the rest of the one-loop logarithmic quark contributions to 
the effective action. 




(35) 



^vps{x, y, z) = Tass{x, y, z) = Tapp{x, y,z) = 0, 



(36) 




H^fabc + dabcKdWS'P' 



(37) 



12 



X i^-a'^^{d^pl)al - Aa^^pyal - \a'^^{d^pl)al 
-\f^{d^p^-)al 



dVyyy Qy 



' j d'x{p^^u,d^pl-r\p'''^pld^u. 



dln//2 167r^ 

+p''^{d^pl)uj, + p'^^{d^p''-)uj, + p"^(a^cu^)p^ 

3 3 



X 



dV 



ssss 



din p? 

^ [dcdei'ifabe + dabe) dbde{}faec ~^ C^oec) 
^SSSP — ^SPPP — , 
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dTsspp _ ^QsQp /■j4„rl.^2p2 



+ ls''S'P'P''[d,de{^fabe + dabe) 

-dbde{ifaec + daec) + dade{ifebc + debc)]} , (42) 

dVpppp igj 



dlnjj? 

X \dcde{}fabe ~l~ dabe) db(ie{ifaec ~l~ daec) 

+dade{ifebc + debc)]} , (43) 

= -f|| / d'^X^^a^V^S'S' + ^a'^^a'^S^S' [deae{lfabe + 4.e) 
— dbde{ifaec + ddec) + dade{ifebc + debc)] 

+a''^US'S%tUc + dabc) + IrUS'^S^^ , (44) 
= -fifl / {la«^a^P''P^ + ^a'^^aJP^P'^ [dc,e{^fabe + dabe) 

—dbde{ifaec + C^dec) + dade{ifebc + debc)] 

+a^^f,P'P'{ifabc + 46c) + ^/'^/m^'^P'^} , (45) 



7^ = / d^xl^-p'^^plS'S' + Ip'^^P^S'^S' [dedeiifabe + dabe) 

dbdei^faec ~l~ daec) ~l~ dadei^f ebc ~l~ ^ftc)] 

+p»'^u;^>S^>5'^(i/„5c + 46c) + ^a;'^^;^^"^"} , (46) 
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dTvvpp 
din /i^ 



"l27r2 



dbdei'^faec ~l~ daec) ~l~ d^dei'^febc ~t" '^eftc)] 
+p''''u;^P'P''{ifabc + dabc) + ^CO^CO^P'^P''] , 



(47) 



din p? 



9a9v 
67r2 



16 



+dcde{'ifabe + dabe) — dbdeiifaec + daec) + dadeiifebc + debc)] 

+ lKalplu„ + a^alplu, + a^f^p^pl + fXApl) 
xiifabc + dabc) + ^{a^aluxu}^ + alUpluj^ + a^f^uxp'^ 

+U<Px^a + fX^XPa + UM) +^UfuUJxUJ,] , (48) 



din p^ 



K. J-D o 

+dcde{'ifabe + dabe) — dbde{ifaec + daec) + dadei^febc + C?e6c)] 



3 



(49) 



dVvvvv 
din /x^ 



247r2 
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~^dcde(^i fabe ~l~ d^bg^ dfulei^i faec ~l~ daec) 
+dade{ifebc + debc)] + + pIpIpI^^X 

+Pl^vp\p'a + ^>.PtPxPa)i^fabc + ^tc) 

+l{plP>x^a + pI^vPIu;^ + PI^.^XPI + ^t^plpl^a) 

3 > 

+^,.P>APa + ^t^^uplpa) +^^t,^u^X^a \ ■ (50) 
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